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Control System

ẋ(t) = f (x(t), u(t))

y(t) = g(x(t), u(t))

x(0) = x0

Large-Scale System

dim(x(t))� 1

dim(θ)� 1

Input-Output Mapping

u 7→ y

dim(u(t))� dim(x(t))

dim(y(t))� dim(x(t))

Model Order Reduction (MOR)

xr(t) :

dim(xr(t))� dim(x(t))

‖y − yr‖ � 1

Reduced Order Model (ROM)

ẋr(t) = fr(xr(t), u(t))

yr(t) = gr(xr(t), u(t))

xr(0) = xr ,0

Projection-Based MOR

ẋr(t) = Vf (Uxr(t), u(t))

yr(t) = g(Uxr(t), u(t))

xr(0) = Vx0

Parametric MOR (pMOR)

ẋr(t) = fr(xr(t), u(t), θ)

yr(t) = gr(xr(t), u(t), θ)

xr(0) = xr ,0

Combined Reduction

ẋr(t) = fr(xr(t), u(t), θr)

yr(t) = gr(xr(t), u(t), θr)

xr(0) = xr ,0

Linear Control System

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t)

x(0) = x0

Evolution Operator

g(t) := CeAtB , t > 0

y(t) = (g ∗ u)(t) =

∫ ∞
0

CeAtBu(t)dt

Hankel Operator

F (u)(t) := u(−t)

H := ((g ∗ u) ◦ F )

Controllability
&

Observability

H = O ◦ C

Hankel Singular Values

σmax = sup
u∈L2

‖y‖L2
‖u‖L2

Cross Gramian

WX := CO =

∫ ∞
0

eAtBCeAtdt

Non-Symmetric
Cross Gramian

WZ =
∑
i

∑
j

∫ ∞
0

eAtbicje
Atdt

Linear Cross Gramian

Â :=

(
A 0

0 AT

)
, B̂ :=

(
B

CT

)
ŴC =

(
WC WX

W T
X WO

)

Approximate Balancing

svd(WX ) = UDV

Controllability Gramian

WC := CC∗ =

∫ ∞
0

eAtBBTeA
T tdt

Observability Gramian

WO := O∗O =

∫ ∞
0

eA
T tCTCeAtdt

Balancing

svd(
√
WCWO) = UDV

Truncation

U =
(
U1 U2

)
→ U1

V =

(
V1

V2

)
→ V1

Robust Reduction

ũ(t) :=

(
u(t)

θ

)

Sensitivity Analysis

W̃C ≈ WC +
∑
i

WC ,i

Sensitivity Gramian

WS ,ii := trace(WC ,i)

Parameter Identification

eig(W ) = TDT−1

Parameter Reduction

svd(W ) = UDV

U =
(
U1 U2

)
→ U1

θ ≈ U1θr

Augmented System

˙̆x =

(
ẋ(t)

θ̇(t)

)
=

(
f (x(t), u(t), θ)

0

)
y(t) = g(x(t), u(t), θ)

Identifiability Gramian

W̆O =

(
WO WM

W T
M WP

)
WI := WP −W T

MW−1
O WM

Joint Gramian

WJ := W̆X =

(
WX WM

0 0

)

Cross-Identifiability Gramian

WÏ := −0.5W T
M (WX + W T

X )−1WM
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emgr (Version 3.1) go to http://gramian.de

• Open Source (BSD 2-Clause-License) • (Nonlinear) Model Reduction • Linear Systems

• Compatible with Octave, Matlab, FreeMat • Sensitivity Analysis / Robust Reduction • Nonlinear Systems

• Uniform Interface • Parameter Identification / Parameter Reduction • Second-Order Systems

• Vectorized & Parallelizable • Combined State and Parameter Reduction ! • Parametrized Systems

• No Dependencies • System Identification / Decentralized Control • Discretized PDEs
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